For any posotive integer m, let [m] := {1, . . . , m}. Let n, k, t be positive integers.
Introduction
For a positive integer k and a set S, let [k] := {1, . . . , k} and S k := {T ⊆ S : |T | = k}. A hypergraph H consists of a vertex set V (H) and an edge set E(H) ⊂ 2 V (H) . Thus, for any positive integer n, any subset of 2 [n] forms a hypergrpah with vertex set [n] .
Let k be a positive integer. A hypergraph H is k-uniform if E(H) ⊆
V (H) k
, and a k-uniform hypergraph is also called a k-graph. A k-graph H is k-partite if there exists a partition of V (H) into sets V 1 , · · · , V k (called partition classes) such that for any f ∈ E(H), |f ∩ V i | = 1 for i ∈ [k].
Let H be a hypergraph and T ⊆ V (H). We write e(H) := |E(H)| = |H|. (Note that we often identify E(H) with H.) The degree of T in H, denoted by d H (T ), is the number of edges of H containing T . For any integer l ≥ 0, let δ l (H) := min{d H (T ) : T ∈ denote the minimum l-degree of H. Hence, δ 0 (H) is the number of edges in H. Note that δ 1 (H) is often called the minimum vertex degree of H. If H is a k-graph then δ k−1 (H) is also known as the minimum codegree of H.
Let H be a k-partite k-graph, with partition classes V 1 , . . . , V k . We say that H is balanced if |V i | = |V j | for all i, j ∈ [k]. A set T ⊆ V (H) is said to be legal if |T ∩ V i | ≤ 1 for all i ∈ [k]. Thus, if T is not legal in H then d H (T ) = 0. So for integer l with 0 ≤ l ≤ k − 1, let δ l (H) := min{d H (T ) : T ∈ V (H) l and T is legal}. A matching in a hypergraph H is a set of pairwise disjoint edges in H, and we use ν(H) to denote the maximum size of a matching in H. A classical problem in extremal set theory is to determine max|H| with ν(H) fixed. Erdős [4] in 1965 made the following conjecture: For positive integers k, n, t, every k-graph H on n vertices with ν(H) < t satisfies e(H) ≤ max
. This bound is tight because of the complete k-graph on kt − 1 vertices and the k-graph on n vertices in which every edge intersects a fixed set of t vertices.
There has been attempts to extend the above conjecture of Erdős to a family of hypergraphs. Let F = {F 1 , . . . , F t } be a family of hypergraphs. A set of pairwise disjoint edges, one from each F i , is called a rainbow matching for F. (In this case, we also say that F or {F 1 , . . . , F t } admits a rainbow matching.) Huang, Loh and Sudakov [6] and, independently, Aharoni and Howard [2] made the following conjecture: Let t be a positive integer and
; then F admits a rainbow matching. Huang, Loh and Sudakov [6] showed that this conjecture holds for n > 3k 2 t. Aharoni and Howard [2] also proposed the following k-partite version.
, F i is a k-partite k-graph in which each partition class has size n, then F admits a rainbow matching. [2] proved Conjecture 1.1 for t = 2 or k ≤ 3. Our first result implies that Conjecture 1.1 holds when n ≥ 3(k − 1)(t − 1). Theorem 1.2 Let k, r, n, t be positive integers such that 2 ≤ r ≤ k and n ≥ 3(k − 1)(t − 1), and let U 1 , . . . , U k be pairwise disjoint sets with
Aharoni and Howard
The famous Erdős-Ko-Rado theorem states that if k ≤ n/2 and H ⊂ [n] k has more than n−1 k−1 edges, then ν(H) > 1. Pyber [8] gave a product-type generalization of the Erdös-Ko-Rado theorem, which was improved by Matsumoto and Tokushige [7] to the following: Let k 1 , k 2 , n be positive integers such that n ≥ max{2k 1 , 2k 2 }, and let 
and R admits no rainbow matching.
Our second result in this paper provides an answer to Problem 1.3 when n is large. Theorem 1.4 Let n, t, k 1 , . . . , k t be positive integers such that n is sufficiently large and
Then {F 1 , . . . , F t } admits a rainbow matching.
We remark that the bound in Theorem 1.4 is tight. Let
and let
Clearly, {F 1 , F 2 } does not admit any rainbow matching. Hence, {F 1 , . . . , F t } does not admit any rainbow matching. Our third result is a natural extension of Theorem 3.3 in [6] by Huang, Loh and Sudakov.
Theorem 1.5 Let n, t, k 1 , . . . k t be positive integers such that n > 3k 2 t, and let k = max{k
. Then {F 1 , . . . , F t } admits a rainbow matching.
In view of Theorem 1.5, we ask the following Question 1.6 Let k, n, t be positive integers and let ε be a constant such that 0 < ε < 1 and n ≥ kt/(1 − ε), and let
. . , R t } admits a rainbow matching?
Rainbow matchings
In this section we prove Theorem 1.2. First, we prove the following lemma, which will serve as basis for our inductive proof of Theorem 1.2.
Lemma 2.1 Let n > t > 0 be integers, and let U 1 , . . . , U k be pairwise disjoint sets with
Without loss of generality, we may assume a ≥ b. Then
Therefore, we obtain a sequence
, where X 0 = ∅. We now show that the desired rainbow matching exists by finding edges e s ∈ F s in the order s = t, . . . , 1. Since d Ft−X t−1 (x t ) ≥ 1, there exists e t ∈ F t such that e t ∩ X t−1 = ∅ and x t ∈ e t . Suppose we have found pairwise disjoint edges e t , . . . , e s+1 for some s ∈ [t − 1], such that, for s + 1 ≤ j ≤ t, e j ∈ F j , e j ∩ X j−1 = ∅, and x j ∈ e j . Since F s is bipartite, x s is adjacent to at most one vertex of each e j , for
, there exists e s ∈ F s such that e s ∩ X s−1 = ∅ and x s ∈ e s . Hence, by induction, there exist pairwise disjoint edges e 1 , . . . , e t which form a rainbow matching for {F 1 , . . . , F t }. ✷ Proof of Theorem 1.2. We apply induction on t + r. Clearly, the assertion holds for t = 1. For r = 2, the assertion follows from Lemma 2.1. Therefore, we may assume t ≥ 2 and r ≥ 3, and that the assertion holds with smaller t + r.
By induction hypothesis, let {e 1 , . . . , e t } be a rainbow matching for {F ′ 1 , . . . , F ′ t }, with e i ∈ F ′ i for i ∈ [t]. Clearly, {e 1 ∪ {x 1 }, . . . , e t ∪ {x t }} is a rainbow matching for {F 1 , . . . , F t }. Hence, we may assume, without loss of generality, that |{x ∈ V (F t ) : d Ft (x) > 2(t − 1)n r−2 }| ≤ t − 1. By induction hypothesis, there exists a rainbow matching M ′ for {F 1 , . . . , F t−1 }.
Suppose d Ft (x) ≤ (t − 1)(r − 1)n r−2 for all x ∈ V (F t ). Then, since r ≥ 3 and |{x ∈ V (F t ) : d Ft (x) > 2(t − 1)n r−2 }| ≤ t − 1, the number of edges in F t intersecting V (M ′ ) is less than (t − 1) (t − 1)(r − 1)n r−2 + ((t − 1)r − (t − 1)) (2(t − 1)n r−2 )
So there exists e ∈ F t − V (M ′ ). Hence M ′ ∪ {e} is rainbow matching for {F 1 , . . . , F t }. Therefore, we may assume that there exists
Hence, by induction bypothesis, there exists a rainbow matching M for {F ′′ 1 , . . . ,
. . , F it } admits a rainbow matching.
Proof. Consider a permutation π of [kn], taken uniformly at random from all permutations π of [kn] with the property that π(W
. . , π(ik)} ∈ F i , and let X i = 0 otherwise. Then
Therefore, there exist pairwise distinct i 1 , . . . , i t from [k] such that X i j = 1 for j ∈ [t]. Hence, {F i 1 , . . . , F it } admits a rainbow matching. ✷ Setting t = n in Proposition 2.2, we obtain the following result on perfect matchings.
Corollary 2.3
Let n, k be positive integers, and let
, then {F 1 , . . . , F n } admits a rainbow matching.
Setting F 1 = · · · = F n in Proposition 2.2, we obtain the following well-known result .
Corollary 2.4 Let n, k be positive integers, and let H be a k-partite k-graph with
Product type conditions
In this section we prove Theorem 1.4. First, we state a result of Matsumoto and Tokushige [7] .
Lemma 3.1 Let k 1 , k 2 , n be positive integers such that n ≥ max{2k 1 , 2k 2 }, and let
We use Lemma 3.1 as induction basis to prove the next result.
Lemma 3.2 Let k, t, n be integers such that t ≥ 2, k 1 ≥ k 2 ≥ . . . ≥ k t ≥ 2, and n ≥ 9k
Proof. If t = 2 then the assertion follows from Lemma 3.1. Thus, we may assume that t ≥ 3 and the assertion holds with fewer than t families. Let s ∈ [t] such that
,
By induction hypothesis, {F 1 , . . . , F t } − {F s } admits a rainbow matching, say M . Note that the number of edges in F s intersecting V (M ) is at most
ks−1 then there exists e ∈ F s disjoint from V (M ). Thus M ∪ {e} is the desired rainbow matching for {F 1 , . . . , F t }.
So we may assume that
On the other hand, by assumption of this lemma,
Hence,
Thus,
However, the derivative f ′ (t) = ln(k 2 1 ) + ln t − ln n + 1 < 0, since n ≥ 9k 5 1 t/k 2 > 3k 2 1 t. Thus f (t) is a decreasing function. Hence, since 3 ≤ t ≤ k 2 n/(9k 5 1 ) and n ≥ 9k 5 1 t/k 2 , we have
We need another lemma.
Lemma 3.3 Let t, n, k 1 , . . . , k t be positive integers and let ε > 0 be a small constant such that
, and n is sufficiently large.
Proof. By Lemma 3.2, we may assume that t ≥ 9k 5 1 n/k 2 . Since n is sufficiently large, we have t ≥ 3. Let s ∈ [t] such that
As induction hypothesis, we may assume that M is a rainbow matching for {F 1 , . . . ,
Again since n is sufficiently large and
then there exists e ∈ F s disjoint from V (M ); so M ∪ {e} is the desired rainbow matching for {F 1 , . . . ,
. By assumption of this lemma,
However, since t ≥ 9k 5 1 n/k 2 ≥ 9k 4 1 n,
and n is sufficiently large, |F s | n ks
This is a contradiction. ✷
We also need the following inequality when i∈[t] k i ≥ n(1 − ε). .
Lemma 3.4
Let k, t, n be positive integers and ε > 0 be a small constant, such that n is sufficiently large, k 1 ≥ k 2 ≥ . . . ≥ k t ≥ 2, and
Then, by the assumption of this lemma,
Moreover, m = n − t i=1 k i ≥ n − tk 1 ; so nε ≥ n − tk 1 and, hence, t ≥ n(1 − ε)/k 1 . Since n is large, we may assume n 2 > k 1 k 2 . Hence
where the last inequality holds as ε is small (say ε < 1/4). Note that the assertion of this lemma is equivalent to
Thus, since n is large, it suffices to show
However, this follows from a straightforward calculation, using m ≥ n
Proof of Theorem 1.4. By Lemma 3.1, we may assume t ≥ 3. By Lemma 3.3 and by assumption, we may assume that
As induction hypothesis, assume that M is a rainbow matching for {F 1 , . . . ,
Hence, by Lemma 3.4 (and since n is large),
So there exists e ∈ F s such that e ∩ V (M ) = ∅. Now M ∪ {e} is a rainbow matching for {F 1 , . . . , F t }. ✷
4 Proof of Theorem 1.5
Suppose the assertion of Theorem 1.5 is false. We choose a counterexample so that t is minimum and, subject to this,
Hence, {F 1 − v, . . . , F t − v} − {F i − v} admits a rainbow matching, say M . The number of edges in F i containing v and intersecting V (M ) is at most
So there exists e ∈ F i such that v ∈ e and e ∩ V (M ) = ∅. Therefore, M ∪ {e} is a rainbow matching for {F 1 , . . . , F t }, a contradiction.
Let v 1 , . . . , v t ∈ [n] be pairwise distinct such that
. Let S i = {v j : j ∈ [t] − {i}}, i ∈ [t]. Then
For i ∈ [t], let
[n] − {v 1 , . . . , v t } k i − 1 and S ∪ {v i } ∈ F i − S i .
Then

|F
So {F ′ 1 , . . . , F ′ t } admits a rainbow matching, say {e 1 , . . . , e t } with e i ∈ F ′ i for i ∈ [t]. Now {e 1 ∪ {v 1 }, . . . , e t ∪ {v t }} is a rainbow matching for {F 1 , . . . , F t }, a contradiction.
Thus, without loss of generality, we may assume that
Let M be a rainbow matching for {F 1 , . . . , F t−1 }. Since {F 1 , . . . , F t } admits no rainbow matching, every edge of F t must intersect V (M ). Hence, |F t | is at most (k(t−1)−(t−1)) 2(t − 1) n − 2 k t − 2 +(t−1) k(t − 1) n − 2 k t − 2 = (3k−2)(t−1) 2 n − 2 k t − 2 .
On the other hand,
(since n ≥ 3k 2 t and k = max{k i : i ∈ [t]}) = n − 2 k t − 2 (n − 1)(t − 1)
, which implies n < k t (3k − 2)(t − 1) 6k 6k − 1 < 3k 2 t, a contradiction. ✷
